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circular columns due to a large area of ineffectively-confined concrete and stress concentration at sharp 
corners. Shape modification of square concrete columns has been proposed but modifying the shape of 
cross-section from a square to a circle results in a significant increase in crosssectional area and self-
weight of the columns, which raises new issues and is not practical when the space in the structure is 
limited. To address the abovementioned issues, a spline-shaped cross-section is proposed in this study 
as a target shape for shape modification. A finite element model was first built and validated with results 
from a previous experimental program. Specimens with square, circular shapemodified and spline-shaped 
modified cross-section and confined with FRP were modelled and compared. A number of spline-shaped 
cross-sections with different aspect ratios (defined as the ratio of minor axis to the major axis) were 
incorporated in this study. Results from the analysis showed that the confinement efficiency of FRP-
confined spline-shaped concrete columns was higher than square or circular columns. Among the spline-
shaped columns, those with a small aspect ratio achieved higher confinement efficiency than those with a 
large aspect ratio. 
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ABSTRACT: The confinement efficiency for FRP-confined square concrete columns is relatively low 
compared to circular columns due to a large area of ineffectively-confined concrete and stress 
concentration at sharp corners. Shape modification of square concrete columns has been proposed but 
modifying the shape of cross-section from a square to a circle results in a significant increase in cross-
sectional area and self-weight of the columns, which raises new issues and is not practical when the 
space in the structure is limited. To address the abovementioned issues, a spline-shaped cross-section is 
proposed in this study as a target shape for shape modification. A finite element model was first built and 
validated with results from a previous experimental program. Specimens with square, circular shape-
modified and spline-shaped modified cross-section and confined with FRP were modelled and compared. 
A number of spline-shaped cross-sections with different aspect ratios (defined as the ratio of minor axis to 
the major axis) were incorporated in this study. Results from the analysis showed that the confinement 
efficiency of FRP-confined spline-shaped concrete columns was higher than square or circular columns. 
Among the spline-shaped columns, those with a small aspect ratio achieved higher confinement 
efficiency than those with a large aspect ratio. 
1. Introduction  
The use of Fibre-reinforced polymer (FRP) in retrofitting damaged structures or strengthening existing 
structures has been extensively studied in recent years. Studies on FRP-confined square columns 
revealed that the confinement efficiency of FRP-confined square concrete columns is lower than that of 
circular columns (Ozbakkaloglu & Oehler, 2008). Theoretical studies showed that the reduction of load-
carrying capacity is mainly due to a large ineffectively confined area within the cross-section and stress 
concentration at the corners of the columns (Lam & Teng, 2003). Due to the arching effect, the concrete 
contained by four second-degree parabolas which intersect the edges of the column at 45° is confined by 
FRP while the rest is unconfined. The larger the corner radius, the smaller the area of the unconfined 
concrete. However, the radii of round corners are limited by the existence of internal reinforcement and 
therefore a new technique is required to improve the confinement efficiency for FRP-confined square 
columns. Although shape modifying of the cross-section of columns from a square to a circle, or a 
rectangular to an ellipse improves the load-carrying capacity of the columns and confinement 
effectiveness of FRP, the increase in cross-sectional area resulting from the shape-modification is 
significant which leads to a considerable increase in self-weight and space usage. To address this issue, 
a spline-shaped cross-section is proposed in this study for shape-modification. The spline-shaped cross-
section minimises the increase of cross-sectional area but maintains a smooth surface without any sharp 
edges. Finite element modelling was conducted to examine the performance of the proposed spline-
shaped cross-section. Different spline-shaped cross-sections were modelled and compared with circular 
and square cross-sections in terms of confinement efficiency.  
2. Theoretical Considerations  
A typical spline-shaped cross-section for shape modification is shown in Fig. 1. A spline is a smooth curve 
with a high degree of smoothness at the nodes. The proposed spline-shaped cross-section is generated 
using 8 nodes as shown in Fig. 1(a). The proposed cross
smooth surface without any sharp edges, while minimising the increase in cross
(a) Cross-section         
Fig. 1 - Geometry of spline
Consider a quarter of the spline-shaped cross
system with Pole O set at the centre of the square column. The Spline 
the following expressions 
  = 22 −
  = 22 −
where b is the side of the original square column, 
spline-shaped cross-section. The area (
calculated by 
sp = 4 12 2(
2
0
It is evident from Eq. 1 that the shape of the spline is controlled by two parameters only: the side of the 
original square column b and the thickness of concrete cover 
axis (B) and minor axis (D) are proposed for the spline
The aspect ratio µ which is defined as the ratio of the minor axis (
calculated by 
It is clear that for a circular cross-section, 
is small, the spline bends inward at side nodes which should be avoided as demonstrated in Fig. 3. The 
lower limit of µ should be set as 0.848 (or 
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-section provides perfectly rounded corners and 
-sectional areas.
  (b) Basic geometry of a quarter
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t is the thickness of concrete cover to generate the 
Asp) and perimeter (Psp) of the spline-shaped cross
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t. Similar to an elliptical cross
-shaped cross-section as shown in Fig. 2.
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µ = 1 and for a square cross-section, µ = 0.71. However, when 
t/b=0.1) for spline-shape cross-section.  
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Fig. 2 - Major and minor axes of the cross-
section 
Fig. 3 - Inward bending of spline with a small 
value of t 
3. Finite Element Modelling 
In order to examine the viability and capability of the proposed spline-shaped cross-section, a non-linear 
finite element analysis (FEA) was conducted in this study using ANSYS 14.0. Concrete was modelled 
with SOLID65, an 8-node 3D solid brick with three translational and rotational degrees of freedom at each 
node. FRP was modelled using SHELL41, a four-node 3D linear elastic element with only membrane 
stiffness but no bending stiffness. Variable thickness and large deflection options are available. The 
internal steel reinforcement was modelled with LINK180, a two-node 3D spar element with three degrees 
of freedom at each node. The plastic behaviour of concrete was modelled by Drucker-Prager plasticity 
model, which is widely used in modelling rocks and other non-metallic materials. The yield surface of 
Drucker-Prager plasticity model is given as (Chen, 1982): 
= 1 + 2 − = 0   (4) 
where I1 is Cauchy’s first stress invariant, J2 is the second deviatoric stress invariant. k is the yield 
parameter and α is the frictional parameter, which respectively can be approximated with the Mohr-
Coulomb parameters as Φ the angle of internal friction and c, the cohesion value. The angle of internal 
friction as suggested by Jiang & Wu (2012) and the cohesion value c can be calculated as 
= 36.65° − 1.1°  ′1000                    =
3 − sin 
6 cos    
 
(5) 
where the yield parameter k is related to the yield strength  and the yield stress of the failure surface can 
be approximated as suggested by the following equations  
= ( 1√3 − )                        = (4.07
′ − 0.89 "
′ #
2 + 0.807)′  
 
(6) 
where fl is the confining pressure provided by FRP which can be calculated as 
 = 2  (7) 
where B is the major axis of the cross-section, Efrp, efrp and tfrp are respectively the elastic modulus, 
rupture strain and thickness of the FRP. ks is a shape factor which accounts for the reduction in 
confinement efficiency for non-circular cross-sections, as expressed as = (/)2    . The third 
parameter incorporated in the Drucker-Prager plasticity model is the dilatancy angle, Φf which determines 
the direction of plastic straining. It controls the flow rule and the development of the volumetric strain. In 
this study, the dilatancy angle Φf was set to zero suggesting a non-associated flow rule and no volumetric 
expansion or compaction. Although it had been pointed out by Yu et al. (2010) and Jiang & Wu (2012) 
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that a zero volumetric expansion does not represent the true behaviour of FRP-confined concrete, it was 
found in this study that a zero dilatancy angle is favourable in the proposed FEA. Only a quarter of the 
column was modelled due to the symmetry of the column. For shape-modified specimens, the concrete 
covers were modelled separately and glued to the original concrete core assuming perfect bonding exists 
between the two surfaces. The geometry of the specimens and specification of materials were taken from 
the experimental study conducted by Hadi et al. (2013) for the purpose of validation and comparison. The 
material properties are given in Table 1. 
Table 1. Material properties 
Materials 
Elastic 
modulus 
(MPa) 
Poisson’s 
ratio 
Shear 
modulus 
(MPa) 
Tensile 
strength 
(MPa) 
Thickness 
(mm) 
CFRP 
Ex=68350 
Ey=2000 
Ez=2000 
0.3 
Gxy=1000 
Gyz=1000 
Gxz=1000 
1733 1.13 
Concrete 24336 0.2 - 3.21 - 
Longitudinal 
bars N12 
200000 0.3 - 568.35 - 
Transverse 
ties R6  
200000 0.3 - 477.88 - 
 
A total of 23 specimens were modelled in this 
study. The specimens were categorised into two 
groups. Group I consisted of sixteen specimens 
with a dimension of 150 mm × 150 mm × 800 
mm (width × height × length). Except for one 
square specimen (Specimen R-0), the concrete 
cover thickness of the specimens in Group I 
varied from 15 mm to 31 mm in order to 
evaluate the confinement efficiency of spline-
shaped cross-section. Group II consisted of five 
specimens with a dimension of 300 mm × 300 
mm × 800 mm (width × height × length). 
Specimens in Group II were modelled with the 
same aspect ratio as five selected specimens in 
Group I to examine the size effect. Details of the test matrix of the finite element analysis are given in 
Table 2. Letters R, SP and C were used to label square, spline-shaped and circular shape-modified 
specimens, respectively. A number followed by the letters indicates the thickness of concrete cover t. It is 
evident no concrete cover was provided for square specimens and the thickness of concrete covers for 
circular-shape modified specimens with cross-sectional dimensions of 150 mm × 150 mm and 300 mm × 
300 mm are respectively 31 mm and 62 mm. An additional number ‘1’ was added to specimens in Group 
II. Symmetry boundary conditions were applied to the relevant planes of the specimens. The bottom of 
the specimens was fixed from any displacement. Loading is applied on the top surface in the negative Z 
(vertical) direction which is displacement controlled. The displacement was applied by a number of sub-
steps ranging from 200 to 500. The maximum strain in the FRP jacket was constantly monitored and the 
failure of the specimen was determined when the maximum strain in the FRP jacket reached the rupture 
strain, which was taken as 58.6% of the ultimate strain of FRP during coupon tests. 
4. Results and Analysis 
The finite element model was first validated with the experimental results of Hadi et al. (2013). The finite 
element model of Specimens R-0 and C-31 were built using the same geometry, steel reinforcement, 
FRP confinement as well as material properties as Specimens RF-0 and CF-0 in the experimental study 
conducted by Hadi et al. (2013). Fig. 4 shows the experimental and FEA axial load – deflection diagram 
for both specimens. The finite element model predicted accurately the ultimate stress of the specimens 
but there was obvious error in the ultimate stress. Nevertheless, as this study focuses on the ultimate 
 
Fig. 4 - Axial load-displacement diagram of 
specimens for validating the FEA model 
load-carrying capacity of the spline shape modification, the finite element model can be used to predict 
the ultimate load of the specimens. 
are given in Table 2 with comparison of square and circular shape
axial load-deflection diagram for Specimens R
Table 2. Test matrix 
Group 
No. 
Specimen 
Original column 
dimension (mm)
I 
R-0 
150×150×800
SP-15 
SP-16 
SP-17 
SP-18 
SP-19 
SP-20 
SP-21 
SP-22 
SP-23 
SP-24 
SP-25 
SP-26 
SP-27 
SP-28 
SP-29 
SP-30 
C-31 
II 
R-0-1 
300×300×800
SP-30-1 
SP-40-1 
SP-50-1 
C-62-1 
 
Fig. 5. Axial load-deflection diagram for 
selected specimens
 
 
It can be seen that the ultimate load of the specimen increased steadily with the increase of cover 
thickness or aspect ratio. The ultimate displacement generally decreased with the increase of ultimate 
load. In all cases, the circular shape
the increase in ultimate load for the 
sectional area. To examine the confinement effectiveness of the FRP, the ultimate stress (
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All spline shaped specimens in Table 2 were modelled and the results 
-modified specimens. Fig. 
-0, SP-15, SP-20, SP-25 and C-31 as examples.
and results of the finite element analysis 
 
Concrete 
cover 
thickness 
(mm) 
Aspect 
ratio 
(Eq. 3) 
Cross-
sectional area 
(mm2) 
Ultimate 
axial load 
(kN)
 
0 0.707 22306.5 1649
15 0.849 29700.0 2409
16 0.858 30043.8 2434
17 0.867 30385.9 2461
18 0.877 30726.4 2488
19 0.886 31065.1 2513
20 0.896 31402.1 2538
21 0.905 31854.2 2574
22 0.915 32195.2 2599
23 0.924 32543.6 2626
24 0.933 32890.4 2655
25 0.943 33235.5 2681
26 0.952 33586.6 2710
27 0.962 33920.9 2738
28 0.971 34261.2 2763
29 0.981 34599.8 2790
30 0.990 34936.9 2818
31 1.000 35281.0 2845
 
0 0.707 89226.0 5182
30 0.849 118800.0 8133
40 0.896 125974.0 8513
50 0.933 132941.9 8911
62 1.000 141124.2 9413
 
 
Fig. 6. Performance of the spline
section with different aspect ratios
 
-modified specimens achieved the highest ultimate load. However, 
shape-modified specimens may be attributed to the increase in cross
5 shows the 
 
 
Ultimate axial 
displacement 
(mm) 
 23.4 
 21.6 
 21.4 
 21.2 
 21.1 
 20.7 
 20.6 
 20.5 
 20.5 
 20.5 
 20.4 
 20.3 
 20.2 
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 20.2 
 19.7 
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 13.3 
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 12.4 
 12.4 
 12.6 
 
-shaped cross-
 
-
f’cu) which was 
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defined as the ultimate load divided by the gross area of cross-section of the specimens was calculated. 
The ultimate stress of the specimens was then divided by the compressive strength of the unconfined 
concrete (f’c) for comparison. Details of the performance of the spline-shaped cross-section are shown in 
Fig. 6. It is clear from Fig. 6 that all shape-modified specimens have higher normalised ultimate stress 
and thus higher confinement efficiency compared to square specimen. Among the shape modified 
specimens, all spline-shaped specimens outperformed the circular specimen. In general, the normalised 
the ultimate stress of the spline-shaped specimens reduced with the increase of the aspect ratio. As a 
result, Specimen SP-15 with an aspect ratio of 0.848 achieved the highest normalised ultimate stress and 
thus the highest confinement efficiency. To evaluate whether the aforementioned finding is valid for 
specimens with larger cross-sectional dimensions, a second group of specimens with an original 
dimensions of 300 mm × 300 mm × 800 mm (width × height × length), and shape modified with the same 
aspect ratio as the first group of specimens were modelled and compared. The results of specimens in 
Group II are given in Table 2 and the comparison of f’cu / f’c with the first group is given in Fig. 7. It is clear 
from Fig. 7 that the trend of f’cu / f’c for specimens in Group II follows a similar pattern as specimens in 
Group I. It is clear that confinement efficiency of spline-shaped FRP-confined specimens depends on the 
aspect ratio and the cross-sectional dimensions have little effect. 
5. Conclusions 
Based on the findings from the finite element 
analysis, the following conclusions can be 
drawn: 
• Spline shape modification increases the 
ultimate load of FRP-confined specimens to a 
proportion of the ultimate load achieved by 
circular shape-modified FRP-confined 
specimens; 
• In terms of confinement efficiency, all shape-
modified specimens outperformed square 
specimen. Spline-shaped specimens achieved 
higher confinement efficiency compared to 
circular shape-modified specimens. For 
spline-shaped specimens, those with smaller 
aspect ratio outperformed those with higher 
aspect ratio due to the fact that the cross-
sectional area of spline-shaped cross-section with smaller aspect ratio is smaller than those with larger 
aspect ratio; 
• The cross-sectional dimensions do not influence the confinement efficiency for specimens with the same 
aspect ratio. As a result, spline-shaped specimens with smaller aspect ratio perform better than those 
with larger aspect ratio regardless of the cross-sectional dimensions. 
6. References 
CHEN, W. F. (1982). Plasticity in reinforced concrete, McGraw-Hill, New York. 
HADI, M. N. S., PHAM, M. T., and LEI, X. (2013). “New method of strengthening reinforced concrete 
square columns by circularizing and wrapping with fiber-reinforced polymer or steel straps.” Journal 
of Composite for Construction, Vol. 17, No. 2, pp. 229-238. 
JIANG, J. and WU, Y. (2012). “Identification of material parameters for Drucker–Prager plasticity model 
for FRP confined circular concrete columns” International Journal of Solids & Structure, Vol. 49, No. 
3, pp. 445-456. 
LAM, L. and TENG, J. G. (2003). “Design-oriented stress-strain model for FRP-confined concrete.” 
Construction & Building Materials, Vol. 17, No. 1, pp. 471-489. 
OZBAKKALOGLU, T. and OEHLERS, D. (2008). “Concrete-filled square and rectangular FRP tubes 
under axial compression.” Journal of Composite for Construction, Vol. 12, No. 4, pp. 469-477. 
Page 7 of 7 
YU, T. and TENG, J. G. (2010). “Finite element modeling of confined concrete-I: Drucker-Prager type 
plasticity model.” Engineering Structure, Vol. 32, pp. 665-679. 
